Unions of chains in dyadic compact spaces and topological groups  by Tkachenko, Mikhail G. & Torres Falcón, Yolanda
Topology and its Applications 121 (2002) 25–32
Unions of chains in dyadic compact spaces and topological groups
Mikhail G. Tkachenko 1, Yolanda Torres Falcón ∗,1
Departamento de Filosofía, Universidad Autónoma Metropolitana, Iztapalapa, Av. Michoacán y la Purísima,
s/n, Apdo. Postal 55-534, C.P. 09340 México, DF, Mexico
Received 21 September 1999; received in revised form 31 January 2000
Abstract
The following problem is considered: If a topological group G is the union of an increasing chain
of subspaces and certain cardinal invariants of the subspaces are known, what can be said about G?
We prove that if G is locally compact and every subspace in the chain has countable pseudocharacter
or tightness, then G is metrizable. We also prove a similar assertion for σ -compact and totally
bounded groups represented as the union of first countable subspaces, when the length of the chain
is a regular cardinal greater than ω1. Finally, we show that these results are not valid in general, not
even for compact spaces.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let X be a topological space and suppose that X =⋃{Xα: α < κ}, where Xα ⊆ Xβ
whenever α < β < κ . What can be said about X if the values of a given cardinal
function on the Xα’s are bounded? The first systematic study of this problem was
made by Tkachenko [17,18,20] and later by Hajnal and Juhász [12], and Juhász and
Szentmiklossy [13]. The purpose of this paper is to improve some of the known results
when X is a dyadic compact space or a locally compact topological group.
It is well known that a compact space representable as the union of a chain of closed
metrizable subspaces need not be metrizable and can even have uncountable tightness
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(see Section 5). The situation changes if the space is dyadic, that is, if it is a continuous
image of the Cantor cube Dµ for some µ  ω. We show in Theorems 2.2 and 2.7 that
if a dyadic compact space X is the union of a chain of subspaces, each of countable
pseudocharacter (or countable tightness), thenX is metrizable. Since every locally compact
topological group is locally dyadic by the Cleary–Morris theorem [3], similar results
remain valid for locally compact groups; see Theorems 2.3 and 2.8. Examples in Section 3
show that Theorems 2.3 and 2.8 are no longer valid if one replaces local compactness by
σ -compactness or countable compactness. However, the conclusion on metrizability of a
σ -compact (countably compact) group G still holds if the subspaces Xα in an increasing
chain representation G=⋃α<κ Xα are first countable and cf (κ) > ω1 (see Corollaries 4.2
and 4.3).
We denote by w(X), χ(X), ψ(X), t (X) and c(X) the weight, character, pseudochar-
acter, tightness and cellularity of a space X, respectively. The character χ(F,X) of a set
F ⊆X in X is the minimal cardinality of a base for F in X. We write χ(x,X) instead of
the rigorous χ({x},X). The symbol D will always denote the discrete topological group
with two elements, say D = {0,1}. A topological group G is totally bounded if it can be
covered by finitely many translates of any neighborhood of the identity. Totally bounded
groups are exactly the subgroups of compact topological groups. Finally, given an infinite
cardinal µ, A(µ) denotes the one-point compactification of a discrete space of size µ.
2. Locally compact groups
There are many first countable non-metrizable compact spaces, for example, the
two arrows space, the double circle, etc. On the other hand, first countable dyadic
compacta as well as first countable topological groups are metrizable by the Esenin-
Vol’pin and Birkhoff–Kakutani theorems, respectively (see [9,2,15]). These results admit
a strengthening for increasing chains of subspaces. First, we need a simple lemma known
in the topological folklore.
Lemma 2.1. Let a compact space X be the union of a family {Xα: α < κ} of its subspaces
satisfying ψ(Xα) < κ for each α < κ , where κ is an infinite regular cardinal. Then there
exists a point x ∈X such that χ(x,X) < κ .
Proof. For κ = ω, the lemma states that a compact space representable as a union of
countably many discrete subspaces is scattered. This result, however, follows immediately
from the Baire category theorem. We assume, therefore, that κ > ω.
Suppose, to the contrary, that χ(x,X) κ for each x ∈X. We shall define by recursion
a sequence {Fα: α < κ} of non-empty closed subsets of X satisfying the following
conditions for each α < κ :
(1) Fβ ⊆ Fα if α < β < κ ;
(2) χ(Fα,X) < κ ;
(3) Fα+1 ∩Xα = ∅.
M.G. Tkachenko, Y. Torres Falcón / Topology and its Applications 121 (2002) 25–32 27
Put F0 = X. Suppose that for some α < κ , we have defined a sequence {Fγ : γ < α} of
non-empty closed subsets of X satisfying (1)–(3). Consider the set F =⋂γ<α Fγ . Then
F is closed, non-empty and, by (2) and the fact that κ is regular, satisfies χ(F,X) < κ .
If α is limit, we simply put Fα = F . Otherwise α = ν + 1. If F ∩Xν = ∅, we again put
Fα = F . Suppose that F ∩Xν 
= ∅ and choose a point p ∈ F ∩Xν . Since ψ(p,Xν) < κ ,
there exists a family γ of open sets in X such that |γ |< κ and Xν ∩⋂γ = {p}. Clearly
X is regular, so we can find a family γ˜ of open neighborhoods of p in X such that γ ⊆ γ˜ ,
each member of γ˜ contains the closure of another member of γ˜ , and |γ˜ |  |γ | · ω < κ .
Put K =⋂ γ˜ . Then K is closed in X, χ(K,X)=ψ(K,X)  |γ˜ |< κ and K ∩Xν = {p}.
By assumption, χ(x,X) κ for each x ∈X, so K is not a singleton. By the regularity of
X, one can find a non-empty closed Gδ-set K ′ in K with p /∈ K ′. Clearly, K ′ ∩Xν = ∅.
Put Fα = F ∩K ′. Then Fα ∩Xν = ∅ and by the transitivity of character (see [8, 3.1.E]),
χ(Fα,X) χ(Fα,F ) ·χ(F,X) < ω ·κ = κ . Therefore, the sequence {Fγ : γ  α} satisfies
(1)–(3). This finishes our construction.
It remains to note that the non-empty set P =⋂α<κ Fα satisfies P ∩Xα ⊆ Fα+1∩Xα =
∅ for each α < κ , a contradiction. ✷
Theorem 2.2. If a dyadic compact space X is the union of a chain of subspaces, each one
of pseudocharacter at most λ ω, then w(X) λ.
Proof. Let X = ⋃α<κ Xα , where ψ(Xα)  λ and Xα ⊆ Xβ whenever α < β < κ .
Suppose, to the contrary, that w(X) > λ. By the Efimov–Gerlitz–Hagler theorem, X
contains a topological copy of Dµ, where µ = λ+ (see [7,10] or [11]). Then clearly
Dµ =⋃α<κ Yα , where Yα = Xα ∩Dµ for each α < κ . In addition, we have ψ(Yα)  λ
and Yα ⊆ Yβ whenever α < β < κ . We can assume, without loss of generality, that κ is a
regular cardinal.
Case 1. κ  λ. Applying Theorem 6.2 of [14], we conclude that ψ(Dµ)  κ · λ = λ.
Therefore, µ=w(Dµ)=ψ(Dµ) λ, a contradiction.
Case 2. κ > λ. As in Case 1, we have µ = ψ(Dµ)  κ · λ = κ , i.e., µ  κ . This
implies that λ < µ  κ . Choose a point p ∈ Dµ. Since χ(p,Dµ) = µ > λ, by Efimov’s
theorem in [6], there exists M ⊆ Dµ such that M is discrete, |M| = µ and M ∪ {p} is
homeomorphic to A(µ). If µ < κ , from |M ∪ {p}| = µ < κ it follows that there is α < κ
such that M ∪ {p} ⊆ Yα , and hence ψ(p,Yα)ψ(p,M ∪ {p})= µ> λ. This contradicts
the inequality ψ(Yα) λ. Therefore µ= κ . We have Dκ =⋃α<κ Yα , where κ is regular
and ψ(Yα)  λ < κ for every α < κ . By Lemma 2.1, there is a point x ∈ Dκ such that
χ(x,Dκ) < κ = µ. This contradiction proves that w(X) λ. ✷
Theorem 2.2 has its counterpart for locally compact groups.
Theorem 2.3. If a locally compact group G is the union of a chain of subspaces, each one
of pseudocharacter at most λ ω, then χ(G) λ.
Proof. Since G is locally compact, it is locally dyadic as well (see [3]), so there is an
open neighbourhood U of the identity e in G so that the closure U is a dyadic compact
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space. Suppose that G is the union of an increasing chain of subspaces, each one of
pseudocharacter at most λ. Applying Theorem 2.2 we obtain w(U)  λ, so χ(G) =
χ(e,G)= χ(e,U)w(U) λ. ✷
Corollary 2.4. If a locally compact group is the union of an increasing chain of subspaces,
each of countable pseudocharacter, then the group is metrizable.
Proof. By the Birkhoff–Kakutani theorem, a topological group is metrizable if and only if
it has countable character. It remains to apply Theorem 2.3 with λ= ω. ✷
Our next result concerns the tightness of dyadic compact spaces. By the Arhangel’skiıˇ–
Ponomarev theorem in [1], the weight and tightness of a dyadic compact space coincide.
We will show in Theorem 2.7 that this result admits a stronger “increasing chain” version.
Before proving it, we need two preliminary lemmas. Recall that if τ > ω is a regular
cardinal and J ⊆ τ , then J is a club if J is closed and unbounded in τ . The set J is
called stationary if it intersects every club in τ [5,16].
Lemma 2.5. Let τ > ω be a regular cardinal and X be any non-empty set. If Xτ =⋃{Mα: α < τ }, then there exist α0 < τ , a club J in τ , and x∗ ∈Xτ\J such that, for every
non-stationary I ⊆ J , πI (π−1τ\J (x∗) ∩Mα0)=XI , where πI and πτ\J are the projections
of Xτ to XI and Xτ\J , respectively.
Proof. Suppose not. Then the assertion is false for every club J ⊆ τ and every α < τ , in
particular for J = τ and α = 0. Hence there is a non-empty, non-stationary subset of τ , say
I0, such that πI0(M0) 
= XI0 . Choose a point x0 ∈ XI0 such that π−1I0 (x0) ∩M0 = ∅. Let
β < τ be arbitrary and suppose that we have defined families {Iγ : γ < β} and {xγ : γ < β}
in such a way that, for all γ, γ ′ < β :
(1) Iγ ⊆ τ is non-stationary;
(2) if γ  γ ′, then Iγ ⊆ Iγ ′ ;
(3) xγ ∈XIγ ;
(4) if γ  γ ′, then xγ ⊆ xγ ′ ;
(5) π−1Iγ (xγ )∩Mγ = ∅.
If β is a successor ordinal, say β = δ + 1, then, by (1), Iδ is non-stationary, and hence
there exists a club F ⊆ τ such that F ∩ Iδ = ∅. By our assumption, there is I ⊆ F
such that I is non-stationary and XI 
= πI (π−1Iδ (xδ) ∩Mδ+1). Pick a point z ∈ XI such
that π−1I (z) ∩ π−1Iδ (xδ) ∩Mδ+1 = ∅. Then the set Iβ = I ∪ Iδ is non-stationary, as both
I and Iδ are. Put xβ = xδ ∪ z. Since πIδ (xβ) = πIδ (xδ) and πI (xβ) = πI (z), we have
π−1Iβ (xβ)∩Mδ+1 = ∅. Therefore, conditions (1)–(5) are satisfied.
If β is a limit ordinal, let L=⋃{Iγ : γ < β} and x ′ =⋃{xγ : γ < β}. Note that x ′ ∈XL
and L is non-stationary because β < τ , τ is regular and Iγ is non-stationary for every
γ < β . So we can repeat the last argument, with L and x ′ instead of Iδ and xδ , respectively,
to obtain a non-stationary subset Iβ of τ and xβ ∈XIβ that satisfy conditions (1)–(5).
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We have defined, by recursion, sequences {Iγ : γ < τ } and {xγ : γ < τ } satisfying (1)–
(5) for all γ < τ . Let I =⋃{Iγ : γ < τ } and x =⋃{xγ : γ < τ }. Choose an element
x0 ∈X and define y ∈Xτ by y(α)= x(α) for every α ∈ I and y(α)= x0 for every α /∈ I .
Then, for every γ < τ , we have πIγ (y)= xγ , that is, y ∈ π−1Iγ (xγ ), but this implies, by (5),
that y /∈Mγ . This contradicts the hypothesis that Xτ =⋃{Mγ : γ < τ }. ✷
Lemma 2.6. If α0, J and x∗ are as in Lemma 2.5, then, for every non-stationary set I ⊆ J ,
the restriction πI  π−1τ\J (x∗)∩Mα0 :π−1τ\J (x∗)∩Mα0 →XI is an open mapping.
Proof. Let I ⊆ J be a non-stationary set andU = (α1, . . . , αn,U1, . . . ,Un)=⋂{p−1αi (Ui):
i = 1, . . . , n} be a canonical open subset of Xτ . We will prove that πI (U ∩ π−1τ\J (x∗) ∩
Mα0) is open in XI . Let us assume that α1, . . . , αl ∈ τ \ J , αl+1, . . . , αk ∈ J \ I
and αk+1, . . . , αn ∈ I . Without loss of generality, we can assume that x∗(αi) ∈ Ui




U ∩ π−1τ\J (x∗)∩Mα0
)=
{
(αk+1, . . . , αn,Uk+1, . . . ,Un)⊆XI , if k < n,
πI (π
−1
τ\J (x∗)∩Mα0)=XI , if k = n.
The case k = n is clear, so we suppose that k < n. Choose any point y ∈ XI with
y(αi) ∈ Ui for i = k + 1, . . . , n. Put I ′ = I ∪ {αl+1, . . . , αk} ⊆ J . Note that, I being
non-stationary, I ′ is also non-stationary and so πI ′(π−1τ\J (x∗) ∩ Mα0) = XI
′
. Let y ′ ∈
XI
′ be an extension of y such that y ′(αi) ∈ Ui for every i = l + 1, . . . , k and choose
z ∈ π−1τ\J (x∗) ∩Mα0 such that πI ′(z) = y ′. Then z ∈ U ∩ π−1τ\J (x∗) ∩Mα0 and πI (z) =
y . ✷
Now we are in a position to prove a strengthening of the Arhangel’skiıˇ–Ponomarev
theorem.
Theorem 2.7. Let a dyadic compact space X be the union of a chain of subspaces, each
of tightness  τ . Then w(X) τ .
Proof. Suppose that X = ⋃α<κ Xα , where κ and τ are infinite cardinals, t (Xα)  τ
and Xα ⊆ Xβ whenever α < β < κ . If w(X) > τ , then, by the Efimov–Gerlitz–Hagler’s
theorem, X contains a topological copy of the Cantor cube Dµ with µ= τ+. Therefore, it
suffices to show that if Dµ =⋃α<κ Yα , with κ a regular cardinal, Yα ⊆ Yβ if α < β < κ
and t (Yα) τ for each α < κ , then µ τ . Assume, to the contrary, that µ> τ .
Case 1. κ > µ. Since t (Yα) < µ < κ for each α < κ , applying [17, Theorem 8] (or [14,
Theorem 6.13]) we obtain t (Dµ) < µ, a contradiction.
Case 2. κ  µ. Applying Lemma 2.5, we can find α0 < µ, J ⊆ µ, J club, and
x∗ ∈Dµ\J such that, for every non-stationary set I ⊆ J , πI (π−1µ\J (x∗) ∩ Yα0) = DI . Let
I ⊆ J be a non-stationary set such that |I | = µ. Then, by Lemma 2.6, πI  π−1µ\J (x∗) ∩
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Yα0 :π
−1
µ\J (x∗) ∩ Yα0 → DI is an open mapping. Since open mappings do not rise the
tightness, we have
µ= |I | = t(DI ) t(π−1µ\J (x∗)∩ Yα0) t (Yα0) τ.
Therefore, µ τ , a contradiction. This completes the proof. ✷
Again, Theorem 2.7 has its analog for locally compact groups.
Theorem 2.8. If a locally compact topological group G is the union of a chain of
subspaces, each of tightness  τ , then χ(G) τ .
Proof. By [3], there exists an open neighborhood U of the identity e in G such that the
closure K = U is a dyadic compact space. Suppose that G is the union of a chain of
its subspaces, each one of tightness not greater than τ . Then Theorem 2.7 implies that
w(K) τ , so that χ(G)= χ(e,G)= χ(e,K)w(K) τ . ✷
Corollary 2.9. If a locally compact group G is the union of a chain of its subspaces having
countable tightness, then G is metrizable.
3. Some examples
Theorems 2.3 and 2.8 do not hold for either countably compact or σ -compact groups, as
the following examples show.
Example 3.1. Consider the Σ-product of ω1 copies of D:
Σ = {x ∈Dω1 : ∣∣{α < ω1: xα 
= 0}∣∣ ω}.
Then Σ is a dense countably compact subgroup of Dω1 . Since Σ is dense in Dω1 ,
χ(x,Σ)= χ(x,Dω1)= ω1 for every x ∈Σ , and hence χ(Σ)= ω1. In fact, ψ(Σ) = ω1.
In addition, Σ =⋃{Xα : α < ω1}, where
Xα =
{
x ∈Dω1 : {β < ω1: xβ 
= 0} ⊆ α
}
for every α < ω1. It is easy to see that every Xα is a compact metrizable subgroup of
Dω1 . We thus have χ(Xα) = ψ(Xα) = t (Xα) = ω for each α < ω1, but the group Σ is
not metrizable. Note that the group Σ is Fréchet–Urysohn, and hence t (Σ)= ω. We shall
modify slightly this construction in Example 3.2 to obtain a similar countably compact
group G, but this time with t (G)= ω1.
Example 3.2. As in Example 3.1, let us consider the subgroup Σ ⊆ Dω1 . Take p ∈
Dω1 \Σ and define the group G to be the subgroup of Dω1 generated by Σ ∪ {p}. Then
G=Σ+{0,p} is countably compact, non-metrizable and t (G)= t (p,G)= ω1. For every
α < ω1, define Yα as Xα + {0,p}, with Xα chosen as in Example 3.1. Then G is the union
of the chain {Yα : α < ω1} and each Yα has countable weight.
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Example 3.3. In Dω1 , consider the σ -product:
G= {x ∈Dω1 : ∣∣{α < ω1: xα 
= 0}∣∣<ω}.
Then G is a dense σ -compact subgroup of Dω1 , see [21]. Clearly χ(G)= χ(Dω1)= ω1.
For every α < ω1, put
Gα =
{
x ∈G: supp(x)⊆ α},
where supp(x)= {β < ω1: xβ 
= 0}. Clearly Gα ⊆Gβ if α  β and G=⋃{Gα: α < ω1}.
In addition, each Gα has countable weight. Nevertheless, the σ -compact group G is not
metrizable.
Example 3.4. In order to obtain a σ -compact group of uncountable tightness which is the
union of an increasing chain of subspaces of countable weight, we consider the σ -product
in Dω1 , as in Example 3.3, and take p ∈Dω1 \Σ , to repeat the construction above.
4. Totally bounded and σ -compact groups
In Examples 3.1–3.4 the length of the chains is ω1. We shall show that when the chain is
longer, the situation changes. Recall that the subgroups of σ -compact topological groups
are said to be σ -precompact.
Theorem 4.1. Let G be a σ -precompact topological group, and G = ⋃{Xα : α < κ},
where cf (κ) > ω1 and Xα ⊆Xβ whenever α < β < κ . If every Xα is first countable, then
G is second countable.
Proof. Since G is σ -precompact, every subgroup of G has countable cellularity [19]. If H
is a subgroup of G of cardinality at most ω1, then H ⊆Xα for some α < κ , so χ(H)= ω.
Then, combining Propositions 3.3(b) and 4.1 of [21], we obtain
w(H)= c(H) · χ(H)= ω ·ω = ω
(for the weaker equality w(H) = d(H) · χ(H), see also [4]). So every subgroup of G of
cardinality at most ω1 has countable weight. Take now any subset Y ⊆ G with |Y |  ω1
and consider the subgroupH of G generated by Y . Then |H | ω1, so w(Y )w(H)= ω.
Summarizing, every subset of G of cardinality at most ω1 has countable weight. We
conclude, applying Theorem 6.8 in [14], that w(G)= ω. ✷
The two corollaries below are immediate.
Corollary 4.2. Let G be a σ -compact topological group, G=⋃α<κ Xα , where cf (κ) >
ω1 and Xα ⊆ Xβ whenever α < β < κ . If every Xα is first countable, then G is second
countable.
Corollary 4.3. Let G be a totally bounded topological group, G = ⋃α<κ Xα , where
cf (κ) > ω1 and Xα ⊆ Xβ whenever α < β < κ . If every Xα is first countable, then G
is second countable.
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5. Final remarks
The results of this paper depend strongly on the fact that the spaces considered are
dyadic compacta or topological groups. Indeed, let W be the space of all ordinal numbers
less than or equal to the first uncountable ordinal ω1, with the topology induced by the well
order in W (see [8]). Then W is a compact topological space and W =⋃{Xα : α < ω1},
where Xα = α ∪ {ω1} for every α < ω1. Clearly χ(Xα) = t (Xα) = ω for every α < ω1,
nevertheless W is non-metrizable, as χ({ω1},W) = ω1. Hence Theorems 2.2, 2.8 and
Corollary 2.4 are no longer valid even for compact spaces.
References
[1] A.V. Arhangel’skiıˇ, V.I. Ponomarev, On dyadic compacta, Dokl. Akad. Nauk SSSR 182 (1968)
993–996 (in Russian).
[2] G. Birkhoff, A note on topological groups, Compositio Math. 3 (1936) 427–430.
[3] J. Cleary, S.A. Morris, Locally dyadic topological groups, Bull. Austral. Math. Soc. 40 (1989)
417–419.
[4] W.W. Comfort, Topological groups, in: K. Kunen, J.E. Vaughan (Eds.), Handbook of Set-
Theoretic Topology, North-Holland, Amsterdam, 1984, pp. 1143–1263, Chapter 24.
[5] A. Dow, An introduction to application of elementary submodels to topology, Topology
Proc. 13 (1988) 17–72.
[6] B.A. Efimov, Dyadic compacta, Trudy Moskov. Mat. Obshch. 14 (1965) 211–247 (in Russian).
[7] B.A. Efimov, Mappings and embeddings of dyadic bicompacta, Mat. Sb. 103 (1977) 52–68 (in
Russian).
[8] R. Engelking, General Topology, Heldermann, Berlin, 1989.
[9] A.S. Esenin-Vol’pin, On the relation between the local and integral weight in dyadic
bicompacta, Dokl. Akad. Nauk SSSR 68 (1949) 441–444.
[10] J. Gerlitz, Continuous functions on products of topological spaces, Fund. Math. 106 (1980)
67–75.
[11] O. Hagler, On the structure of S and C(S) for S dyadic, Trans. Amer. Math. Soc. 214 (1975)
415–428.
[12] A. Hajnal, I. Juhász, Having small weight is determined by the small subspaces, Proc. Amer.
Math. Soc. 79 (4) (1980) 657–658.
[13] I. Juhász, Z. Szentmiklossy, Increasing stregthenings of cardinal function inequalities, Fund.
Math. 126 (1986) 209–216.
[14] I. Juhász, Cardinal Functions in Topology—Ten Years Later, Math. Centre Tracts, Amsterdam,
1980.
[15] S. Kakutani, Über die Metrization der topologischen Gruppen, Proc. Imp. Acad. Tokyo 12
(1936) 82–84.
[16] K. Kunen, Set Theory, North-Holland, Amsterdam, 1980.
[17] M.G. Tkachenko, The behaviour of cardinal invariants under the union operation for a chain of
spaces, Moscow Univ. Math. Bull. 33 (4) (1978) 39–46; Russian original in: Vestnik Moskov.
Univ. Ser. I Mat. Mekh. 4 (1978) 50–58.
[18] M.G. Tkachenko, Chains and cardinals, Soviet Math. Dokl. 19 (2) (1978) 382–385.
[19] M.G. Tkachenko, The Souslin property in free topological groups over compact spaces, Math.
Notes 34 (1983) 790–793.
[20] M.G. Tkachenko, Sum theorems for the tightness and π -character in the class of compact
spaces, Comment. Math. Univ. Carolin. 24 (1) (1983) 51–62.
[21] M.G. Tkachenko, Introduction to topological groups, Topology Appl. 86 (1998) 179–231.
